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Two Packing Problems on k-Matroid Trees 
DAVID A. GRABLE 
In this paper we consider two packing problems on k-matroid trees (a generalization of trees 
from graphs to hypergraphs). The first problem is to decompose the complete k-uniform 
hypergraph into k-matroid trees and the second problem is to generalize the famous Tree 
Packing Conjecture to k-uniform hypergraphs. 
1. INTRODUCTION 
Trees constitute a fundamental and well understood class of graphs. Despite this, 
there is no agreed upon generalization to hypergraphs. In this paper we consider one 
generalization which, although little understood, has many appealing properties. 
We define a k-uniform hypergraph of order n to be a pair H = (V(H), E(H)), where 
V(H) is a set of cardinality n and E(H) is a set of subsets of V(H), each having 
cardinality k. When k = 2 this becomes the familiar definition of a graph. An element 
of V(H) is called a vertex, an element of E(H) is called an edge, and a subset of V(H) 
of size k - 1 is called a facet. 
If vertex v is contained in edge e, e is said to be incident with v. A vertex-edge 
incidence matrix of His a matrix over GF(2) the rows of which are indexed by the 
vertices of H and the columns of which are indexed by the edges of H which contains a 
1 in the ith row and jth column iff edge j is incident with vertex i. Similarly, if facet f is 
contained in edge e, e is said to be incident with f. A facet-edge incidence matrix of His 
a.matrix over GF(2) the rows of which are indexed by the facets of Hand the columns 
of which are indexed by the edges of H which contains a 1 in the ith row and jth 
column iff edge j is incident with facet i. 
Let S be a subset of V(H). The degree of S in H, denoted dH(S) or, where no 
confusion is possible, d(S), is the number of edges of H which contain S as a subset. 
When S = { v} we simply write dH( v ). 
The complete k-uniform hypergraph of order n, denoted K~, is the k-uniform 
hypergraph of order n where every k-subset of V(H) is an edge. 
A matroid M may be defined as a pair (E, B), where Eisa set and B is a non-empty 
collection of subsets of E, called bases, with the following properties: 
(1) No base property contains another base. 
(2) If B1 and B2 are bases and e E B1, then there is an element f of B 2 such that 
(B1 - {e}) U {f} is also a base. 
Any subset of a base is called an independent set, a subset of E which is not 
independent is called a dependent set, and a minimal dependent set is called a circuit. 
The rank function r: 2E- N of a matroid is defined by: r(S) is the size of a maximal 
independent set contained in S. 
A matroid M is representable if there exists a matrix A over some field the columns 
of which are indexed by the elements of E such that the bases of M correspond exactly 
to the maximal sets of linearly independent columns of A. Note that not every matroid 
is representable. For more information on matroids see, for example, [13]. 
Consider the matroid which is represented by the facet-edge incidence matrix of K~. 
In other words, consider the matroid (E(K~), B), where B is the collection of the sets 
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of indices of maximal linearly independent columns of the facet-edge incidence matrix. 
The elements of Bare called k-matroid trees. 
This matroid is an example of a binary simplicial matroid. For more details on binary 
simplical matroids see [11], and for simplicial matroids over arbitrary fields see 
[2]. 
While the definition of k-matroid trees given above is adequate, it is quite technical. 
The following equivalent definition may be more intuitive. 
Consider these definitions of 'cycle' and 'tree' from graph theory: A cycle is a 
minimal non-empty collection of edges of the complete graph such that every vertex 
has degree 2 and a tree is a maximal collection of edges of the complete graph which 
contains no cycle. 
We extend these definitions to k-uniform hypergraphs in the following manner: A 
k-matroid cycle is a minimal non-empty collection of edges of the complete k-uniform 
hypergraph such that every facet has even degree, and a k-matroid tree is a maximal 
collection of edges of the complete k-uniform hypergraph which contains no k-matroid 
cycle. 
The names 'k-matroid cycle' and 'k-matroid tree' are used to differentiate these 
generalizations of 'cycle' and 'tree' from others. Several generalizations of 'cycle' and 
'tree' to hypergraphs, including the ones given here, are surveyed in [3] and [4]. 
Let H11 Hz, ... , H1 be k-uniform hypergraphs of order at most n. We say there is a 
packing of H1, Hz, .. . , H1 into the complete hypergraph K~ if there exist injections 
a;: V(H;)- V(K~), i = 1, ... , I such that a;*(E(H;)) n at(E(~)) = 0 for i =F j, where 
the map a;*: E(H;)- E(K~) is induced by a;. Furthermore, H11 Hz, ... , H1 form a 
decomposition of K~ if U~=t at(E(H;)) = E(K~). 
Our primary purpose in this paper is to discuss two packing-type problems involving 
k-matroid trees. The first problem is to decompose the complete k-uniform hypergraph 
into k-matroid trees. When k = 2 (i.e. for graphs) the problem is easy, but it becomes 
much more difficult when k > 2. We present a solution to the problem fork= 3. The 
second problem we consider is to generalize the famous Tree Packing Conjecture to 
k-uniform hypergraphs. We begin by establishing several useful properties of k-
matroid trees and defining some important subclasses. 
2. PROPERTIES OF k-MATROID TREES 
We start with a simple but very useful lemma: 
LEMMA 2.1. If H is a k-uniform hypergraph and e E E(H) which contains a facet f 
with dH(f) = 1, then H contains a k-matroid cycle iff H-e does. 
PROOF. Since f has degree 1, it is not possible that e is in any collection of edges 
with all facet degrees even (i.e. a k-matroid cycle of H). Therefore, H contains a 
k-matroid cycle iff H- e does. D 
PROPERTY 2.2. Each k-matroid tree of order n contains exactly (I:= D edges. 
PRooF. Define a k-star of order nasa k-uniform hypergraph of order n isomorphic 
to S~, where V(S~) = {0, 1, ... , n - 1} and E(S~) = { {0} U f If is a subset of 
{1, ... 'n -1} of cardinality k -1}. The vertex of degree c;:=D is called the center. 
S~ contains no cycles since each edge e contains the facet e \ {0} which has degree 1. 
Furthermore, if any additional edge e is added, a cycle will be created. The cycle will 
consist of e together with every edge of S~ contained entirely within e U {0}. Therefore 
s~ is a k-matroid tree. 
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Note that IE(S~)I = (k = D and recall that any two bases of a matroid have the same 
cardinalities. Thus, any k-matroid tree of order n contains exactly (k = D edges. D 
PROPERTY 2.3. If Tis a k-matroid tree of order n, each facet ofT has degree at least 1. 
PROOF. Suppose not. Suppose that f is a facet not contained in any edge of T. Let e 
be some edge (not in T) which contains f. By Lemma 2.1, T + e contains no k-matroid 
cycle contradicting the maximality of T. Therefore, each facet has degree at least 1. 
D 
We call a k-uniform hypergraph H prunable if there exists an ordering e1e2 • • ·e1E(H)t 
of the edges of H such that there exists a facet /; contained in e; with 
dH-{e1, ••• , e,_1}(/;) = 1 for 1:,;;; i:,;;; IE(H)I. By repeated application of Lemma 2.1, H 
must contain no k-matroid cycle and is therefore contained in some k-matroid tree. 
One might suppose that, as is true for graph trees, every k-matroid tree is prunable. 
However, this is not the case, as is demonstrated by the following example: 
EXAMPLE 2.4. Define T by 
V(T)=Z7 U{oo} 
and 
E(T) = { {i, i + 3, oo} I i E £::7} U 
{ {i, i + 1, i + 2} I i E £::7} u 
{ {i, i + 2, i + 3} I i E £::7}. 
First we show that T contains no 3-matroid cycle. Suppose some edge containing oo is 
in a cycle. Then all of the edges containing oo must be in this same cycle since the facets 
{oo, i} must have even degree. This implies that all of the edges {i, i + 2, i + 3} must be 
in the same cycle the facets {i, i + 3} must have even degree. Therefore all the edges 
{i, i + 1, i + 2} must be in the same cycle since the facets {i, i + 2} must have even 
degree. But now all of the edges of T have been used and the facets {i, i + 1} have 
degree 3. So no edge containing oo may be in any cycle. Therefore, the edges 
{i, i + 2, i + 3} may not be in any cycle since since the facets {i, i + 3} would have 
degree 1. Finally, the edges {i, i + 1, i + 2} may not be in any cycle since the facets 
{i, i + 2} would have degree 1. Therefore, T contains no 3-matroid cycle. Therefore, 
since IE(T)I =CD= 21, Tis a 3-matroid tree. Finally, note that Tis not prunable since 
it has no facet of degree 1. 
PROPERTY 2.5. If Tis a k-matroid tree of order n, each vertex ofT has degree at least 
<k=D. 
PROOF. Let v be a vertex of T. Clearly T - { v}, the hypergraph containing all 
edges of T which do not contain v, has no k-matroid cycle, else T would. Therefore, 
T - { v} is contained in some k-matroid tree of order n - 1 and so has no more than (k=D edges. Therefore, v must be incident with at least (k=D- <k=D = (k=D edges 
~~ D 
Note that if d(v) = <k=D, then T- {v} is a k-matroid tree of order n -1. Such a 
vertex v is called a terminal vertex or a leaf when k = 2. 
We call a k-matroid tree T hereditary if there exists an ordering v1 v2 • • • vn-k of 
some n- k of the vertices such that V; is a terminal vertex of T- { v 11 ••• , V;_ 1} for 
1:,;;; i :o;;;n- k. 
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In [12] Tomescu defines a subclass of hereditary k-matroid trees which he calls 
k-hypertrees. A 2-hyptertree is defined to be a tree and a k-hypertree, k ~ 3, is defined 
to be a hereditary k-matroid tree with the restriction that the edges incident with v; in 
T- {vv ... , V;_ 1} less V;, 1 :s::: i :s::: n- k, form a (k -1)-hypertree. Tomescu proves 
Properties 2.2 and 2.5 for k-hypertrees and presents an application to probability 
theory. 
If we add the further restriction that the edges incident with V; in T- { Vv ... , V;_ 1} 
less V;, 1 :s::: i :s::: n- k, form a (k- 1)-star, we obtain the class of k-matroid trees which 
we call k-near-stars. 
It is well known fact from graph theory that every tree is what we have called 
hereditary. However, this is not true for every k-matroid tree when k ~ 3. To see this, 
consider the following example: 
EXAMPLE 2.6. Define T by 
and 
V(T) = {1, 2, 3, 4, 5, 6} 
E(T) = { {1, 4, 6}, {1, 2, 5}, {1, 2, 4}, {1, 3, 4}, {1, 2, 3}, 
{2,~5}, {2,5,6}, {3,4,6}, {3,5,6}, {4,5,6}}. 
It is easy to show that T contains no 3-matroid cycle (simple prune the edges in the 
order given). Therefore, since IE(T)I =CD= 10, Tis a 3-matroid tree. But Tis not 
hereditary since it has no terminal vertex (i.e. no vertex of degree 4). 
Note that although Example 2.6 is not hereditary, it is prunable. On the other hand, 
we are aware of no k-matroid tree which is hereditary without being prunable. 
3. A DECOMPOSITION PROBLEM 
We consider the following special case of a theorem proved by Nash-Williams in [8]. 
THEOREM 3.1. The complete graph of order 2x, x a positive integer, may be 
decomposed into x edge-disjoint trees of order 2x. 
Extending this, we make the following conjecture: 
CoNJECIURE 3.2. The complete k-uniform hypergraph of order kx, x a positive 
integer, may be decomposed into x edge-disjoint k-matroid trees of order kx. 
We now prove this conjecture fork= 3. 
THEOREM 3.3. The complete 3-uniform hypergraph of order 3x, x a positive integer, 
may be decomposed into x edge-disjoint prunable 3-matroid trees of order 3x. 
PROOF. We inductively construct such a decomposition. 
For x = 1, the single triple of K~ is itself a prunable 3-matroid tree. 
For x > 1, let the vertices of K~x be labelled from the set {1, ... , x} x 71+ By 
induction, let T{, ... , T;_ 1 be a decomposition of K~x-3 into prunable 3-matroid trees 
with vertices labelled from the set {1, ... ,x -1} x 7L3 • By Theorem 3.1, let 
Gu ... , Gx_1 be a decomposition of K2x-z into trees with vertices labelled from the set 
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{1, ... ,x -1} X Z3 • By Theorem 3.1, let G1 , ••• , Gx_1 be a decomposition of K2x-z 
into trees with vertices labelled from the set {1, ... , x -1} x (Z3 \0). In addition, let 
({1, ... ,x -1}, ·)be a quasigroup. 
We construct 3-matroid trees ~ •... , T, which decompose K~x in the following 
manner. For 1""' i ""'x -1, 
and 
E(T;) = { {(u, m + /), (v, n + /), (x, /)}I {(u, m), (v, n)} E E(G;), IE Z3} U 
{ {(j, /), (i · j, 1 + /), (x, /)} 11 ""'i ""'x- 1, IE Z3} U 
{ {(i, l)(x, 1 + /), (x, 2 + /)} It E Z3} U 
E(T;) 
E(4) = { {(i, /), (j, 2 + /), (x, /)} 11 ""'i, j ""X -1, IE Z3} U 
{{(i, 1), (j, /), (x, /)} 11 ""'i<j""'x -1, I EZ3} U 
{ {(i, /), (x, /), (x, j + /)} 11 ""'i ""X -1, j E z3 \0, IE Z3} u 
{ {(x, 0), (x, 1), (x, 2)} }. 
First we show that ~, ... , 4 form a decomposition of K~x· It is not hard to see that 
the T;'s are disjoint. We count the number of edges in 7;, 1 ""'i ""'x - 1: 
( 3x - 4) 9x2 - 9x + 2 (3x - 1) IE(T;)I = 3(2x - 3) + 3(x - 1) + 3 + 2 = 2 = 2 
and in 4: 
( x - 1) 9x2 - 9x + 2 (3x - 1) IE(T,)I=3(x-1f+3 2 +6(x-1)+1= 2 = 2 · 
This gives a total of xex2 1 ) =en= IE(K~x)l edges. Thus T1 , .•. , T, form a 
decomposition of K~x· 
We need now only show that each 1; is a prunable 3-matroid tree. Consider 1; where 
11""'i""'x-l. The edges {(i,/),(x,1+/),(x,2+/)}, /eZ3 have facets {(x,1+ 
/), (x, 2 + /)} with degree 1 and so must not be in any 3-matroid cycle, and by Lemma 
2.1 may be dismissed from consideration. Then the edges {(j, /), (i · j, 1 + /), (x, /)}, 
1""'i""'x-1, /eZ3 , have facets {(j,/),(x,/)} with degree land may be dismissed 
from consideration. Thereafter, since G; is a (prunable) tree, there exists an ordering 
eu e2 , ••• , e2x_3 of the edges of G; which contain a facet (or, since G; is a graph, a 
vertex), say (uP, mp), 1 ""'p ""'2x- 3, with degree 1 after the preceding edges are 
removed. Therefore, the edges {(up, mP + /), (v, n + /), (x, /)}, {(up, mp), (v, n)} = 
eP, IE Z3 , have facets {(uP, mP + /), (x, /)} with degree 1 after the preceding edges 
are removed, and so may be dismissed from consideration. This leaves only the edges 
from T/, a prunable 3-matroid tree. Therefore 1; is prunable and contains no 3-matroid 
tree cycle. Furthermore, since IE('I;)I = ex 2 1 ), 7; is a prunable 3-matroid tree. 
Now consider 4. The edges { (i, 1), (j, 2 + /), (x, /)}, 1 ""'i, j ""'x - 1, IE Z3 , have 
facets {(i, 1), (j, 2 + /)} with degree 1 and so must not be in any 3-matroid cycle, and 
may be dismissed from consideration. The edges { (i, /), (j, /), (x, /)}, 1 ""'i < j ""'x - 1, 
IE Z3 , have facets {(i, /), (j, /)} with degree 1 and so may be dismissed from 
consideration. Then the edges {(i,/), (x,l), (x,j+l)}, 1""'i""'x-1, jeZ3 \0, /eZ3 , 
have facets {(i, /), (x, j + /)} with degree 1 and so may be dismissed from considera-
tion. The last edge {(x, 0), (x, 1), (x, 2)} has all facets of degree 1 and cannot 
constitute a 3-matroid cycle. Therefore, 4 is prunable and contains no 3-matroid cycle. 
Since IE( 4)1 = ex 2- 1 ), 4 is also a prunable 2-matroid tree. 
Thus ~ •... , T, form a decomposition of K~x into prunable 3-matroid trees. D 
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Consider the following matroid partition theorem due to Edmonds [5] and 
Nash-Williams [9]. 
THEOREM 3.4. Let M = (E, B) be a matroid with rank function r. E can be covered 
with m or fewer independent sets if for every subsetS of E, lSI.;; m · r(S). 
If we let M be the matroid represented by the facet-edge incidence matrix of Kt,, let 
r be the rank function of that matroid, and let m = x, Theorem 3.4 becomes: 
CoROLLARY 3.5. Conjecture 3.2 is true if for every subsetS of E(Kt,), ISI.;;x · r(S). 
Unfortunately, little is known about the rank function r for these matroids other 
than r(S) =lSI- f3k(S) = (k=D- f3k-1(S), where f3k is the kth Betti number [1]. This is 
no help at all in proving Conjecture 3.2. 
However, when k = 3 we can use Theorem 3.3 together with Corollary 3.5 to put a 
lower bound on r(S). 
CoROLLARY 3.6. Let r be the rank function of the matroid represented by the 
facet-edge incidence matrix of K~. For every subsetS of E(K~), r(S) ;;:.lSI/ r n/31. 
4. ExTENDING THE TREE PACKING CoNJECTURE 
We consider the following conjecture due to Gyarfas: 
CONJECTURE 4.1 (the Tree Packing Conjecture). Any collection of trees 
1;, T:J, ... , T, of orders 2, 3, ... , n respectively can be packed into Kn. 
Several special cases of the Tree Packing Conjecture have been proven since the 
conjecture was first stated; see, for example, [10] and [6]. One special case due to 
Gyarfas and Lebel [7] is the following: 
THEOREM 4.2. Any collection of trees 1;, ... , T, of orders 2, 3, ... , n respectively 
can be packed into Kn if all but at most two are stars. 
We investigated possible generalizations of the Tree Packing Conjecture to 
k-uniform hypergraphs and obtained the following results. 
THEOREM 4.3. Any collection of k-matroid trees TZ, ... , T! of orders k, k + 
1, ... , n respectively can be packed into K! if at most one is a k-near-star and all others 
are k-stars. 
PROOF. The proof is by induction on n. When n = k the theorem is obviously true. 
Otherwise, consider the following two cases. 
Case/: T! is a k-star. By induction, Tt ... , T!_1 can be packed into K!_1• Add 
one additional vertex and pack T! into all incident edges. 
Case II: T! is a k-near-star. Let v be a terminal vertex of T! the incident edges of 
which, less v, form a (k -1)-star. By induction, TZ, ... , T!_2, T!- {v} can be 
packed into k!_1• Add one additional vertex and pack T~_ 1 and the edges of T! 
incident with v into the new edges. D 
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Note that a proof of the stronger theorem 'Any collection of k-matroid trees 
TZ, ... , T~ of orders k, k + 1, ... , n respectively can be packed into K~ if at most two 
are k-near-stars and all others are k-stars' could not proceed along the lines of Gyarfas 
and Lebel's proof of Theorem 4.2, since we cannot guarantee that there exist two 
terminal vertices with the near-star property. However, one might ask if the theorem 
could at least be strengthened to include some larger class of trees. Here the answer is 
a definitive 'no'. This is shown by the following theorem. 
THEOREM 4.4. Let T be any k-matroid tree of order n which is not a k-near-star. T 
cannot be packed with k-stars of order n - 1, n - 2, ... , k into K~. 
PROOF. It suffices to assume that T has no terminal vertices with the near-star 
property. If T does have a terminal vertex with the near-star property, the k-star of 
order n - 1 must be packed with its center vertex and one such terminal vertex 
identified. Thus the problem is reduced to one of order n - 1. 
Suppose such a packing were possible. Let c be the center of the k-star of order 
n - 1 and let t be the vertex of T with which c is identified by the packing. Since the 
degree of c is (Z = i), t must be a terminal vertex of T (i.e. have degree (Z = n = 
(Z=D- (Z=i)). If, in fact, T does have a terminal vertex, there must be some other 
n - 2 vertices of T which, together with t, contain no edge incident with t. Therefore, 
every edge of T incident with t must also be incident with some other distinguished 
vertex of T. This implies that t has the near-star property, contradicting our 
assumption. 0 
In light of the above, the strongest generalization of the Tree Packing Conjecture 
which we can make is the following: 
CoNJECTURE 4.5. Any collection of k-near-stars TZ, .. . , T~ of orders k, k + 
11 ••• , n respectively can be packed into K~. 
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